ORBITS OF ORTHOGONAL AND SYMPLECTIC REPRESENTATIONS OF
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ABSTRACT. When a quiver () comes equipped with a certain contravariant involution, it becomes
possible to define symmetric quivers along with orthogonal and symplectic representations. The
notion of symmetric quivers was introduced in 2002 by Derksen and Weyman and naturally carries
many parallels with the usual GL(Vx) representations of a quiver. In this article, we first outline
the definitions and the categorical framework for orthogonal and symplectic representations. Next,
we prove that the codimension of the orbit of orthogonal or symplectic representations V' of a
symmetric quiver is equal not to dim Ext(V, V') but to the dimension of a subspace invariant under
a certain involution. Finally, we adapt results by Reineke to construct desingularizations of all
orbit closures for orthogonal or symplectic representations of a finite type quiver.

1. INTRODUCTION - MOTIVATION

In the recent article [8], Derksen and Weyman provide definitions for what they call generalized
quivers associated to a reductive group G. In this paper, we briefly restate the notion of orthogonal
and symplectic representations of symmetric quivers, provide categorical language for such represen-
tations and study a few properties of the orbits of representations when acted on by the appropriate
classical Lie group GLg(«)?. In particular, in Theorem 3.5, we prove that the codimension of the
closure of the orbit Oy of GLg(a)? acting on a representation V' € Repy(Q,a)?, the space of
orthogonal (resp. symplectic) representations, is:

codim Oy = dim Ext(V, V)(=%)

where ¢ is a certain linear involution on the K-vector space Ext(V, V). This is an analogue of what
is sometimes refered to as the Artin-Voight formula. Furthermore, in Theorem 4.8 we adapt recent
work by Reineke to construct desingularizations of orbit closures of Oy in Repg (@, a)°.

This paper is organized as follows. Section 2 provides the defitions for symmetric quivers and
discusses the group actions on relevant affine spaces as well as categorical properties of orthogonal
and symplectic representations. The main theorems of this article are in the following two sections:
in Section 3 we prove the codimension formula for closures of orbits of orthogonal and symplectic
representations, while in Section 4 we construct the resolution of singularities for these orbit clo-
sures. Finally, in Section 4, we apply the results in previous sections to study in detail orthogonal
and symplectic representations of the symmetric equioriented A,, quiver, including a description of
indecomposable objects, numerical formulas for codimensions of orbit closures and explicit desingu-
larizations of the orbit closures.
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2. SYMMTERIC QUIVERS AND THEIR REPRESENTATIONS

2.1. Standard Quivers. Let @) be a quiver, that is a quadruple Q@ = (Qo, @Q1,t, h) consisting of:
1) a discrete set Qy of elements we call vertices; 2) a set (1, the elements of which we call edges or
arrows; and 3) two maps t,h: Q1 — Qo.

Fix a field K. A representation V of the quiver ) consists of vector space V; for each vertex
i € Qo and linear maps V(a) € Hom(Viq, Vi) for all arrows a € Q1. A morphism between quiver
representations V' and W consists of a collection of homomorphisms f; : V; — W, such that for
each arrow a € @)1, the following square commutes:

V(a)

(1) fie | | e

Representations if the quiver @ along with morphisms define the category K@Q-9t0d (modules over
the path algebra K@Q.) If one specifies a dimension vector o : Qo — N where «(i) = dim V;, then
the space of all quiver representations with the fixed dimension vector « is an affine space:

(2) Rep g (@, a) = @ HOm(Ka(ta),Ko‘(ha))
a€Q1
The group GLg(a) = GL(a(1)) x ... x GL(a(n)) acts naturally on Rep,(Q, a) by

-1
((gi)iEQo) V= (ghav(a)gta )aEQl
This action amounts to changing the bases in each of the vector spaces V;.
Using the canonical projective resolution of quiver representations, we obtain the following exact
sequence, called Ringel’s canonical resolution:

(3)  0— Homg(V,W) — @ Hom(V;,W;) % @) Hom(Via, Wia) — Exto(V, W) — 0
i€Qo a€Q1
where d((fi)icq,) = (¥a © fta — fra © $a)acg,. This map d should not seem so mysterious since we
defined morphisms in Homg(V, W) as elements of @, o, Hom(V;, W;) such that the square in (1)
commutes for all arrows a € Q1, i.e. such that all d((fi)ieq,) = 0 for (fi) € D,cq, Hom(V;, W;).
As a simple consequence of Ringel’s resolution one deduces the well-known Artin-Voigt formula

for the codimension of the orbit Oy of a quiver representation V' € Rep, (@, ) under the action of
GLg():

(4) codim Oy = dim Ext(V, V)

2.2. Symmetric Quivers. In this section, we recall the definitions of a symmetric quiver and its
related symplectic or orthogonal representations as first stated in paper [8] and we refer the reader
to that article for examples and proofs of the facts we shall only state.

Definition 2.1. A symmetric quiver (Q, o) consists of an underlying quiver @ = (Qq, @1, h, t) and
a bijection o : Qo [[ @1 — Qo ][] @1 with o(Qo) = Qo and o(Q1) = Q1 such that:

* Va € Q1,h(o(a)) = o(t(a))

e Va € Q1,t(c(a)) = a(h(a))

e if 0(t(a)) = h(a) then o(a) =a
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As a simple mnemonic, we note that heads go to tails and vice versa. More important, we notice
that the three conditions imposed on ¢ garantee that it is an involution on Qg and Q1.

Let @ be a quiver and let V' € Repg(Q, a) be a quiver representation. Define Vs = Gaier Vi
and call Vx the total vector space of V. We remark two immediate uses of the total vector space
of quiver representations. First, if ¢ : V' — V’ is a morphism between two representations, then we
can define 15, € Hom(Vy, V) such that for all i € Qp and all v € V;, 95 (v) is the canonical image
of 1;(v) in V4.

Secondly, we remark that for every a € @1, we may view V(a) as an element of End(Vs) that
is zero except in the block that maps Vi, to V.. In particular, if the graph of the quiver @ is a
tree, we may collect all the V(a) that consitute a @Q-representation into a single nilpotent element
of End(Vs).

2.3. Linear Algebra Reminders. The definitions for representations of symmetric quivers rely
on a simple linear algebra fact which we repeat here.

Let (-,-) be a nondegenerate bilinear form on a vector space W. Let A : W — W be a linear
map. There exists a unique linear map A* : W — W such that (Az,y) = (z, A*y) for all z,y € W.
We call A* the adjoint of A with respect to (-,-).

Proposition 2.2. Let (-,-) be a non-degenerate bilinear form on a vector space W and let M be the
matriz used to define it, i.e. (v,w) =v'Muw for all v,w € W. Then the following hold:

(1) A* =M1 (AHYM.

(2) An element g € GL(W) which preserves (-,-) satisfies g = (g~ 1)*.

(3) An element A in the Lie algebra of the Lie group which preserves (-,-) satisfies A = —A*.

2.4. Orthogonal and Symplectic Representations of Symmetric Quivers. Consider a sym-
metric quiver @ along with a dimension vector a € N®° that is symmetric under the involution, i.e.
a(o(i)) = a(i) for all i € Qo. Let (-,-) be a nondegenerate scalar product on the total vector space
K = @;cq, K such that

(5) { '>|K;;xK;; =0 unless ¢ = o(p)
In light of (3) in Proposition 2.2, we make the following defintion.

Definition 2.3. With respect to a form with the above property, for all V' € Repg(Q, a) we can
define an adjoint object V* € Repk (Q, ) by:
o (V*)i = (Vo))" the dual vector space
o (V*)(a) = —(V(o(a)))*, the negative of the adjoint of V(a) considered as an element of
End(K®).

As a point of notation, we will also sometimes write o - V instead of V* to express this operator.

Definition 2.4. Let @ be a symmetric quiver, a a symmetric dimension vector and (-,-) be a
nondegenerate bilinear form on the total vector space K¢, satisfying property (5). Let Repg (Q, )
be the space of all Q-representations V' such that o -V = V* = V| i.e. the self-dual objects with
respect to (-,-). We call an element of Rep,(Q,«)? a symplectic (respectively, orthogonal) quiver
representation when (-, ) is skew-symmetric (resp. symmetric).

2.5. Group Actions. By Proposition 2.2, the subgroup G? which stabilizes Rep; (Q, «)? consists
of elements g € G such that g = (¢g7')* where we view g as an element of End(Vs). Now for
g € G =GLg(a), g is given as a collection g = (g;)icq,- If we consider each g; as an element of
End(Vy), then we can write

g- ((gi)iEQo) = ((g;(li))*)iEQo
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In order to get a more explicit description of G° we must partition the vertices of the symmetric

quiver (Q,0).
For a symmetric quiver without oriented cycles, call the QF (QF resp.) the set of vertices (arrows
resp.) fixed by o. There exists partitions

(6) C&):(937U628LJQ6
Q=0 UQIUQy
such that Qy = o(Qg) and Q] = o(Q7) and satisfying:

e Ya € Qf, either {ta,ha} C Q or one of the {ta, ha} is in QF while the other is in Qg.
e Yz € QF, if a € Q1 with ta =z or ha = x, then a € Q7 UQY

It is easy to see how to construct such partitions with examples so we leave the details to the
interested reader.

Proposition 2.5. Let Q) be a symmetric quiver and o a symmetric dimension vector. Partition Qg
and Q1 into Q:r, Q7 and Q;L (where i = 0,1) according to Lemma 6. The following hold:

o [f the action of o is symplectic,

Repy(Q, )7 = @ Hom(K () fgatha)y g @ Sym? (K ()

aEQIr acQy
GLg(a)” = J] GLE™)x ] Sp(x*))
zEQOJr T€QF

e [f the action of o is orthogonal,

2
Repre(Q,)” = @D Hom(K*(), ko) o @B A\ (K°0)

aEQ;r a€Qy
GLg(a)” = ] GLE*™)x ] o))
ZL’EQS— z€QF
Proof. See section 2 of [8]. O

2.6. The Categories of Orthogonal/Symplectic Representations of a Symmetric Quiver.
In this subsection, we briefly outline some basic properties about orthogonal and symplectic repre-
sentations of symmetric quivers and refer the reader to [8] for proofs and more explanation.

2.6.1. Objects and Morphisms. From the presentation in the previous section, it is clear that given a
symmetric quiver () and a symmetric dimension vector a, we called a representation V' € Rep (@, «)
symplectic or orthogonal with respect to some nondegenerate bilinear form satisfying property (5).
Consequently, the bilinear form must be part of the data included in defining objects.

Definition 2.6. Let @) be a symmetric quiver. The category KQ-9od, (resp. KQ-90d,) of or-
thogonal (resp. symplectic) quiver representations has objects which consist of a pair (V| (-,-)v)
where dim V' is a symmetric dimension vector and V is a Q°-representation together with an or-
thogonal (resp. symplectic) non-degenerate bilinear form (-,-)y satisfying property (5) such that
V € Repy (Q,dim V)?. The morphisms f : V' — W between objects in KQ-000, (resp. KQ-9Mod,)
are the morphisms between V and W considered as K@Q-modules.
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By definition of the categories, we see that for any two orthogonal (resp. symplectic) quiver
representations (V, (-, -)y) and (W, (-, -)w),

MOI‘((V, <'7 '>V)7 (I/Vv <'7 >W)) = MOI“(V, W)

Therefore (V,(-,-)y) and (W,{-,-)w) are isomorphic as orthogonal (resp. symplectic) quiver
representations if and only if V' and W are isomorphic in K@Q-9%00. Furhtermore, the functor
F, : KQ-Mod, — KQ-Mod (resp. Fy) which forgets the form (-,-), exhibits KQ-9Mod, (resp.
KQ-9Mod,) as a full subcategory of the usual K@Q-modules. The following proposition under-
scores states the desired result that isomorphism classes correspond to orbits of GLg(a)? acting

on Repy(Q, ).

Proposition 2.7. Let Q be a symmetric quiver. Two orthogonal (resp. symplectic) representations
(V, (-, )v) and (W, (-, Yw) in KQ-DMod, (resp. KQ-Mod,) have isomorphic underlying represen-
tations if and only if dimV = dimW := « and V and W are in the same GLg(a)? orbit in
RepK (Q7 a)U :

Proof. Follows immediately from Theorem 2.6 in [8]. O
2.6.2. Adjoint Morphism.

Definition 2.8. Let (Q,0) be a symmetric quiver and « a symmetric dimension vector. Let
(V,{,-)v) and (W, (-, -yw) be two orthogonal (resp. symplectic) representations of (Q, o) and let
f 'V — W be a morphism between them. We define an adjoint morphism f* : W* — V* as
being the unique morphism such that

(7) (f),wyw = (v, f*(w))v for all v € V5 and w € Wy

Since V* =V and W* = W, the adjoint morphism is in fact a map f*: (W, (-, Yw) — (V, (-, )v)-

Note that with any choice of bases in V; and W, for all i € @y, one can write a morphism of quiver
representations f : V' — W as a block diagonal matrix fsx; € Hom(Vs, Wx). If with this choice of
bases, the bilinear forms (-, -}y and (-, )y have defining matrices My and My, then

()2 = My s My
2.6.3. Indecomposable Representations.

Definition 2.9. If (V4, (-,-)1) and (V, {-,-)2) are two orthogonal (resp. symplectic) representations
of a symmetric quiver @, then the direct sum is given by (W, (-, )y ) where W = V; @ V5 in KQ-9100
and the scalar product (-,-)w on Wy is the sum (-, )1 + (-, -)2.

One immediately deduces the following useful fact.

Proposition 2.10. The categories KQ-9Mod, and KQ-Mod, are additive categories (though not in
general abelian).

The following propositions relate the notion of indecomposability in KQ-9t0d, (resp. KQ-9Mod;)
to that in KQ-9M0d.

Proposition 2.11 (Proposition 2.7 in [8]). If (V,(:,-)) is an indecomposable orthogonal (resp. sym-
plectic) representation of the symmetric quiver @, then as a representation of the underlying quiver
Q°, V is indecomposable or isomorphic to the direct sum of W and W*, where W is an indecom-
posable representation of KQ-9Mo0.

Proposition 2.12. If (V, (-, ")) is an indecomposable orthogonal or symplectic representation quiver,
then three possibilities occur for V as a representation of the underlying quiver Q°:

(1) V is indecomposable;
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(2) V =W e W* and W is indecomposable such that W = W* (V ramifies);
3) V=WaeW* and W is indecomposable such that W and W* are not isomorphic (V splits).

Proposition 2.13. Let Q be a symmetric quiver and V an indecomposable KQ-module. Then
ezactly one of the following two possibilities occur:
(1) there exists a symmetric (resp. skew-symmetric) nondegenerate bilinear form (-,-) on'V such
that (V,{(-,-)) is an indecomposable orthogonal (resp. symplectic) representation of Q;
(2) there exists an indecomposable orthogonal (resp. symplectic) representation (V,(-,-)) such
that V is a direct summand of V in KQ-9Mod and furthermore that V.=V & V*, where the
adjoint is taken with respect to ().

Proposition 2.14. A symmetric quiver (Q, o) is of finite type if and only if the underlying quiver
Q is of finite type.

Corollary 2.15. Any connected, symmetric quiver of finite type has an underlying graph of type
A,.

We illustrate the propositions with two simple examples, one in which the quiver has only one
fixed arrow, and one in which the quiver has one fixed vertex.

Example 2.16. Consider the symmetric quiver Ay: 1 % 2. The indecomposable K Q°-modules
are: '
Fn: K50 Ep: KL K  Ep:0-5K
Let us first consider symplectic representations of As. Using Proposition 2.11, it is easy to see
that the following symplectic representations are indecomposable

Ell@EQgZKi)K ElglKiK

where each has the skew-symmetric form (v, A\) = —=A(v) on Vi & V5 = V; @ Vi*. Furthermore, it is
easy to see that there can be no other symplectic indecomposables.

As for orthogonal representations of As, the difference comes from the fact that the linear map
V(@) must be in a space that is isomorphic as a vector space to the space of skew-symmetric matrices.
Hence the indecomposables orthogonal modules are:

Ell@Ezzt KLK E%QZ K (01701) K

Example 2.17. Consider now the symmetric quiver As: 1 —— 2 . 3 in which only the middle
vertex is fixed the involution . The indecomposable K Q°-modules are:

En: K-250-250 Fp: 0K %0 Ep:020%K
Ep: KLY K %0 Epn: 02K %YK By KL Kx 4K

This time, let us consider the orthogonal representations of Ag first. Using Proposition 2.11, we
see that the following orthogonal representations are indecomposable where we have described the
from (-,-) by a defining matrix M on V; & V5 & V;.

E11@E33:KL>OL>K WhereMz(? (1))

B ® Bos: g (o) g2 ©-D . where M =

_ o o o
o= o o
o O = O
S O O
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_ , 00 1
Mg K where M=[0 1 0
10 0

E132K
Ey: 0-5K-20  where M = (1)

Also by Proposition 2.11, we see that this exhauts the list of all possible orthogonoal indecomposable
modules.

As for symplectic representations (V, (-,-)) of A3, we must remember that dim V5 must be even.
Again using Proposition 2.11, one can check that the following are all the indecomposable symplectic
representations.

En©By: K-250-%K  where M = (O _1)

1 0
00 0 -1
-1

B ® Baz : e () g2 OV, p where M= 8 (1) 0 8

1 0 0 0
0 00 O 0 -1
000 0 -1 0
. 000 -1 0 0
E123 . K2 ((1) C1)) K2 ( 01 10) K2 where M = 0 0 1 0 0 0
0 1.0 O 0 0
10 0 O 0 0

EZ:0-5 K220  where M =idy,

Remark 2.1. In much of what follows, it turns out we can provide formulas which hold simultaneously
for orthogonal representations and symplectic representations if we continue to employ the parameter

() ol {1 if the form (-, -) is orthogonal

—1 if the form (-,-) is symplectic

3. CODIMENSION OF ORBITS OF ORTHOGONAL OR SYMPLECTIC REPRESENTATIONS

In this section, we fix a symmetric quiver (Q, o) and symmetric dimension vector « and focus our
attention on the orbits of an orthogonal (resp. symplectic) representations in Repy (Q, @)?. To be
more specific, we choose an orthogonal (resp. symplectic) representation (V,(-,-)) € Repg(Q, )
and investigate its orbit Oy under the action of GLg(a)?. We establish a codimension formula
similar to Equation 4 which states that for an orbit Oy of a representation of standard quiver @,
one has

codim Oy = dim Extg(V, V)

There exists a similar formula for symmetric quivers but we must first understand how the adjoint
operator o : V — V* acts on vector spaces Homg(V, W) and Extg(V,W). We then illustrate the
formula by performing explicit calculations with symmetric Ay and Az quivers.

3.1. An Algebraic Codimension Formula.
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3.1.1. Functoriality of o. Let us fix a symmetric quiver (Q, o), a symmetric dimension vector o and
a nondegenerate orthogonal or symplectic bilinear form (-, -) on the total vector space K¢ satisfying
property 5:

(W kgxre =0 unless g = o(p)
We will consider all representations V' as orthogonal or symplectic with respect to this form.

As we saw earlier, the involution o acts on Rep (@, «) as an adjoint operator duality, i.e. -V =
V* where the adjoint is of course with respect to (-,-) on K% = V5. If one views Repy (Q,a) as a
vector space, then one may interpret the action of ¢ as an involutive automorphism. On the other
hand, if one views Repy (Q, @) as a subcategory of KQ-9to0, then o acts a contravariant invertible
functor from Rep g (@, «) to itself. In particular, as a functor o sends V' € Repy (Q, ) to its adjoint
object V* and sends a morphism f : V — W to its adjoint morphism f* : W* — V* defined in
Equation 7.

Proposition 3.1. Let VW € Repg(Q, ) with the bilinear form (-,-) defined as above. The invo-
lution o of the symmetric quiver Q) induces natural isomorphisms

F, : Homg(V,W) — Homq(W*, V™) and Go : Extg(V,W) — Extgo(W*, V™)
Proof. The first isomorphism is trivial since we simply define F, by F,(f) = f*, the adjoint mor-
phism of f.

The second homomorphism, G, is slightly less trivial but we may define it as follows. If e €
Ext(V, W), has a representative given by the exact sequence

0 w1 p 9.y 0
Note that as total vector spaces, Es, & V5 & Wyx. Consequently, we can define a natural nondegen-
erate bilinear form

<'7 >E = <" '>V + <'a >W
on E. Then we define G, (e) as the equivalence class in Ext(W*,V*) corresponding to the exact
sequence
* f*

0 v 2L B w* 0
where the connecting maps are the adjoints of the maps in the previous sequence with respect to
the appropriate quiver representations. One then easily checks that G, is well-defined. O

For the sake of calculations, we note that *, Homg and Extg are all additive functors so we can
understand how F;, and G, act on Homg(V, W) or on Extq(V, W) by expressing V' and W as direct
sums of indecomposable representations of the underlying quiver @° and then determining how Fj,
acts on Homg (M, My) or Extg(M,, M,) for pairs of indecomposables (M,M,). We will use this
tactic in later examples.

Consider now the case when V= W and (V, (-, -)) is either an orthogonal or symplectic representa-
tion of a symmetric quiver Q. By definition, V' = V* so in particular Homg (V*,V*) = Homg(V, V)
and Extg(V*,V*) = Extg(V, V). Consequently, by Proposition 3.1, ¢ induces involutive endomor-
phisms on all the vector spaces in Ringel’s resolution (3) namely:

Homg (V,V) P Hom(V;, V) P Hom(Via,Via) and  Exto(V,V)
1€Qo acQ
For the sake of simplicity, we will generically refer to these linear maps as ¢. We describe the
behavior of ¢ on each of the vector spaces in (3):
e On Homg(V,V), ¢ is induced by Fy;
e For (f;) € @Hom(V;, Vi), we get ¢(fi)icqu = (/7 ;))ieqos
e For (f,) € @ Hom(V,,Va), we get Sﬁ(fa)ate = (f;(a))aeQﬁ
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e On Extg(V,V), ¢ is induced by G,.

In the following, if T is a vector space that appears in the exact sequence (3), we denote by T'¢
(resp. T=%) the maximal p-invariant (resp. (—¢)-invariant) subspace of 7.

3.1.2. Codimension for Symmetric Quiver Representations. We introduce two simple lemmas about
the action of ¢ on the vector spaces in the Ringel canonical resolution.

Lemma 3.2. Let V and W be vector spaces possessing involutions ¢1 and ¢ respectively. Let
L:V — W be a linear map with L o ¢2 = ¢y o L. Then L is block diagonal with respect to the
subspace decomposition V =V @ V(=) and W = W @ W(—¢2),

Proof. First, we claim that for any vector space T and any involution ¢ : T'— T, ¢ is diagonalizable.
Suppose the contrary, that there exists an involution ¢ : T — T that is not diagonalizable. Then
from basic linearly algebra we know there exist linearly independent vectors vi, vy € T such that

P(v1) = Avy and P(v2) = Avg + v1

for some A\ € K. Then
¢2(U2)>\(>\’U2 —+ Ul) —+ )\’Ul = V3

and hence since the vectors are linearly independent, one has the system of equations

20=0
A2—-1=0
Since this system has no solutions, we have proved the claim.

More can be said however. Since ¢ is an involution, then ¢? = I and hence (¢ —I)(¢+1) = 0 and
we notice the well-known fact that involutions can only have eigenvalues in {1, —1}. Consequently,
since T'? (resp. T~?) are the eigenspaces for the eigenvalues 1 and —1, the vector space T' decomposes
into the direct sum T'=T% @ T2,

Having established these simple facts about linear involutions, the lemma is easy. If v € V' then
L(v) = ¢2(L(v)). The same holds for the involutions —¢; and —¢5 and the lemma follows. O

Lemma 3.3. Let (Q,0) be a symmetric quiver without oriented cycles, o a symmetric dimmension
vector and (-,-) a nondegenerate symmetric (resp. skew-symmetric) bilinear form on K% satisfying
property 5. Generically call ¢ the involutive linear map induced by o on each of the K -vector spaces
in Ringel’s resolution. For any orthogonal (resp. symplectic) representation V € Repy (Q, ), the
following diagram is commutative:

0 — Homg(V, V) —— D¢, Hom(V;, V4) — 4 D ,co, Hom(Via, Via) —— Ext(V,V) ——0
iw \L(P i_kp i_v
0 — Homg(V, V) — ®,c, Hom(Vi, V;) — &> @ o, Hom(Via, Via) — Extg(V, V) — 0

Proof. The first square is commutative by definition: the involution on Hom(V, V) is induced from
its injection into @ Hom(V;, V;).
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For the middle square, let (f;) € @ Hom(V;,V;). Its image in @ Hom(Vq, Vi) via the map d is
the sequence (V(a) o fia — fra 0 V(a))acq,- Thus

(—pod)(fi) =—(V(a)o fia — fraoV(a))"
=—((V(a) © fra)" = (fra 0 V(a))*)
= —((fta)" 0 V(a)" = V(a)" © (fra)")
= (=(Mogta) o V(a(a)) + V(a(a)) o (f*)o(ha))
=dop(fi)
Finally, the argument for the third square is dual to the argument for the first commutative
square. O

As an immediate corollary, we obtain:

Proposition 3.4. The following sequence is exact:

(9) 0 — Homg(V,V)¥ — ( @ Hom(%,%))w —
1€Qo

(—¢)
(D Hom(Via, Vi) Y Exto(V,V)®) 0
€@

Proof. We combine the previous two lemmas and note that Ringel’s resolution (3) splits into two
block diagonal sequences, one of which being that described in the statement of the proposition. [J

We are now in a position to prove the following theorem which calculates the codimension for
orbits of representations of symmetric quivers in Repy (Q, ).

Theorem 3.5. Let (Q,0) be a symmetric quiver without oriented cycles, a a symmetric dimmension
vector and (-,-) a nondegenerate symmetric (resp. skew-symmetric) bilinear form on K% satisfying
property 5. Consider an orthogonal (resp. symplectic) representation V- € Repy (Q,a)?. Call Oy
the GL()? orbit of V in Repy(Q, ) and let ¢ be the involutive linear map on Ext(V, V') induced
by o. Then

(10) codim(Oy) = dim (Ext(v, v)<w>>

Proof. Let us denote G = GLg ().

Let V € Repg(Q,a) be a usual quiver representation, ignoring symmetry. Then any element
¢ in the stabilizer Gy defines an element of Hom(V, V). Conversely, if f € Hom(V,V) with each
fi invertible, then f € Gy. Hence, Gy is homeomorphic to an open subset of Hom(V, V), and in
particular they have the same dimension.

Next, consider the action of o on the subgroup Gy < G. We define a subgroup of Gy invariant
under the automorphism induced by o, namely (Gv)? = {g € Gv|(¢g7')* = g}. Then (Gy)° =
GyNG. Thus, if V € Repg(Q, @)%, then (G7)y = (Gyv)?. We then deduce that dim Hom(V, V)% =
dim(GU)V

Taking a dimension count on the exact sequence in Proposition 3.4, we get:

(1) dim Hom(V, V) — dim ( @) Hom(V;, Vi))@
1€Qo

(=)
+ dim ( @D Hom(Vi, V,w)) — dim Ext(V, V)~ = 0
a€Q1
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However, we easily see the following:

1 . dim V; .
3 > (dlmVi)QfZ( 0 ) ife=—1,

@ e L
dim Hom(V;,V;) | = i:0 ()7 wo(i)=i |
(ga ) % Y @mvi)’+ Y (dlm‘gﬂ) ife=1

i:o (1) #1 i:0 (1)

%

dim( @ Hom(Vta,Vha))(—s&) _
a€Qy

1 ) dimV;, +1 .
3 Z dim Hom(V;q, Vi) + Z ( K ) ife=-1,

2
_ ) a:o(a)#a a:o(ha)=a d
. m Vig .
5 Z dim Hom Vi, Via) + Z < ) t > ife =—1.
a:o(a)#a ao(a)=a

Hence, comparing the dimensions of these two identities with the results of Proposition 2.5, we
can rewrite equation (11) as:
(dim G — dim Oy) — dim G + dim Rep (Q, a)” — dim Ext(V, V)(=¥) =0
Thus we conclude that
codim(Oy) = dim Ext(V, V)%
0

In the next section, we present the simple examples of symmetric A, and A3 quivers in which we
construct adhoc desingularizations of orbit closures. We provide explicit descriptions of Extq(V, V)
and show how to calculate dim Ext(V,V)(=%) and therefore verify Theorem 3.5 in these particular
cases.

3.2. Explicit calculations for symmetric A; and As. In both these examples, we can write
formulas that simultaneously describe orthogonal and symplectic cases when we use the parameter
€ where

- {1 orthogonal case

—1 symplectic case

3.2.1. Codimension of Symmetric Representations of As. The simplest symmetric quiver we can
study is As. The general symmetric representation is given by:

Vi V(a) Vi

where rank V(a) = r and dim V; = n. We can decompose this quiver representation, as a represen-
tation of the underlying quiver, into its indecomposable parts by V = E{* ® E3? @ E7 5 where:
E11:K*>O EQQZOHK E12:K14d)K

If V is an orthogonal or a symplectic representation, then s; = so. The only non-split exact
sequence we can create with just these three indecomposable modules in K @Q-9100 is the following;:

0— By — E1p — E11 — 0
Thus, Ext(V, V) = Ext(Eyi, E53). By equation (3), we know that
Ext(V, V) = coker (d - End(K*') @ End(K*) — Hom(K*', K* ))
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where in this particular case we have d = 0. Thus Ext(V,V) = Hom(K*!, K**). Furthermore, the
action of the linear map ¢ is given by —p(A) = —A*. But n = 7 + s; so dimExt(V,V)(=%) =
1(n—r)(n—r— 1) when the action of ¢ is orthogonal and dim Ext(V,V)(=%) = (n —r)(n —r+1)
when the action of ¢ is symplectic. Combining the two results into one formula, we can write
dim Ext(V, V)(=®) = 2(n — r)(n — r — €). We now find the codimension of the orbit G’ - V in both
the symplectic case and the orthogonal case.

To verify Theorem 3.5 we need to calculate the codimension of the orbit Oy of an orthogonal or
symplectic representation (V, (,-,-)) under the action of GLg((n,n))? in Repy(Q, ).

Symplectic Case: We assume that the action of ¢ on the quiver representation V' is symplectic.
There exists a form (,-,-) such that V(a) € Sym*(K™) and V(a) is of rank 7. Since V(a) is self
dual, it essentially maps an r-dimensional subspace onto its dual. Given the subspace, the choice
of the components of such a map gives us dimension %r(r + 1), whereas the choice of a subspace in
G, (K™) contributes the dimension of the Grassmannian of r planes in K", namely r(n —r).

More specifically, the orbit Oy has a desingularization 7 : IG(r,n) — Oy where IG(r,n) is the
symplectic isotropic Grassmanian. Thus we get:

nin+1)
T*T(nfr)f

(n—r)(n—r+1)
2
= dim Extq(V, V)%

r(r+1)

codim Oy = 5

Orthogonal Case: The orthogonal case is similar except that we view V(a) as an element of
A2(K™). We get dimOy =r(n —r) + 1r(r — 1) and hence:

n(n—1)
2
n=—r)n—r—-1)
2
= dim Exto(V, V)9

r(r—1)
2

codim Oy = —r(n—r)—

3.2.2. Codimension of Symmetric Representations of As. The next simplest symmetric quiver one
can study is As. We fix a symmetric dimension vector o and a symmetric or skew-symmetric nonde-
generate bilinear form (-,-) on K stisfying property (5). Then a representation V' € Repy (Q, )
has the form

V(a) —V(a)”

%1 Va %y
We write V' as a direct sum of its indecomposable modules:
V =FE;} ® E53 ® B3} ® ES, ® EY; ® B,

Since V is a symmetric quiver, it is not hard to check that we must have s; = s3 and ¢ = d and
s3 and ¢ must both be even if n is odd and (-, -) is symplectic or n is even and (-,-) is orthogonal.
Now the symmetric quiver representation is uniquely defined by the following data: dim Vi = m,
dim Vo = n,rank V(a) = r and rank V(a)*V (a) = s. We relate these parameters to the expansion of
V' into indecomposables by:

e=s, c=d=r—s, s ;=83=m—7r and sy=n-—2r+s

In order to carry out calculations, we need the dimensions of the vector spaces of Hom and Ext
between the indecomposables representations.
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dim Hom(V;, V;)

ViI\V; | E11 | Eo2 | Es3 | E1a | Eas | Ei3
Fi1 1 0 0 0 0 0
Foo 0 1 0 1 0 0
Ess | 00| 1] 0] 11
FEys 1 0 0 1 0 0
FEos 0 1 0 1 1 1
FEi3 1 0 0 1 0 1

dim Ext(V;, V)

Vi\Vj | E11 | B2z | Es3 | E12 | Eas | Er3
F1 0 1 0 0 1 0
FEoo 0 0 1 0 0 0
Fs3 0 0 0 0 0 0
FEis 0 0 1 0 1 0
FEo3 0 0 0 0 0 0
FEi3 0 0 0 0 0 0

With these preliminaries, we can state the following Lemma:

Lemma 3.6. Let V be a symplectic or orthogonal representation of equioriented symmetric As with
dimV; =m, dim V5 = n, rank V(a) = r and rank V(a)*V(a) = s. Then
(r—s)(r—s+e)

2
Proof. Expressing V' as a direct sum of indecomposable modules and using the above tables we
calculate that dimExt(V,V) = 2(m — r)(n —r) + (r — s)2. Let ¢ be the linear involution on
EXt(Vv, V) We see that gD(EXt(Elg, E23)) = EXt(Elg, E23)7 QD(EXt(Ell,EQQ)) = EXt(EQQ,Egg), and
(p(EXt(Elh E23)) = EXt(Elg, E33) Thus we get:

(12) dim Ext(V, V)% = (m —r)(n —r) +

dim Ext(V, V)9 = dim Ext(E;!, E52) + dim Ext(E3!, ES,) + dim (Ext(Efm E§3)(_“”))
= (m = r)(n—r) + dim ((Ext(Ef,, B5) )

Hence, the only nontrivial calculation we must carry out concerns the last term on the right.

We set W = Ef, @ ES; and restrict ourselves the the orthogonal (resp. symplectic) representation
(W, (,)|lw). The dimension of ( Ext(E$,, ES;)(~?)) is the same for any nondegenerate symmetric
(resp. skew-symmetric) bilinear form (-,-). However, whether we are in the orthogonal case or the
symplectic case, in order to carry out the calculations we need to utilize a specific bilinear form (-, -)
on Wy that satisfies the conditions required for any symmetric quiver representation.

We choose the form on Vs, = V4 & Vo @ V3 defined by (v, w) = ‘o Mw where

0 0 0 I
0 0 I. O
M= 0 el. 0 O
el 0 0 O
The form (-,-) is symmetric if ¢ = 1 and skew-symmetric if £ = —1.

The adjoint operator * is now based on this matrix. A quick calculation shows that for a 2¢ X ¢

matrix (A> € Hom(K¢, K?¢), we have

B
- <g>* — (—eB' —AY)
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We note in particular that with the dimension vector o = (¢,2¢,¢) then the representation of
W = Ef, @ ES; in Repg (@, @) can be given by

I
( (0) (0 L) )
where I, is the ¢ x ¢ identity matrix.
By the additivity of the Ext functor, we see that Ext(W, W) = Ext(Ef{,, ES;). By definition,

Ext(W, W) = coker (d . End(K°) @ End(K2¢) @ End(K°¢) — Hom(K¢, K2¢) @ Hom (K<, KC))
where,
I I
d(My, Mo, My) = () My =Mz () (00 =L) Mo = M5 (0 1) )

We then see that Im(d) = ( (g

that we can now read off dim Ext(E{,, ES;) = ¢2. Thus

A
B

) , (B C’) ) where A, B, C are any ¢ X ¢ matrices. Note in particular,

Ext(ES,, ES,)(7%9) %Hom(KC,KQC)/{( > : JA, B,C with (—eB! —A!) = (B C)}
Thus we deduce that
clc+e)

2

We now return to the orthogonal (symplectic) quiver representation (V, (-,-)). Since ¢ =r —s
in a general symmetric representation of As, we deduce that whether the form is orthogonal or
symplectic, we have

dim (Ext(Efz, E§3)<—W) -

dim Ext(V, V)9 = (m —r)(n —r) + %(r —s)(r—s+e)
O

4. A RESOLUTION OF SINGULARITIES FOR ORBITS OF REPRESENTATIONS OF SYMMETRIC A,

In this section, we consider a symmetric quiver (@, o) a connected symmetric quiver of finite type,
i.e. whose underlying graph @ is of type A,.

Before we provide a construction for the desingularization of orbit closures, we need a degeneration
characterization, that is to say a characterization of when one orbit is a subset of the closure of
another.

Lemma 4.1. Let A and B be two symmetric quiver representations. Then as orthogonal (resp.
symplectic) orbits,
Op C 04 < dimHomg (A, X) < dim Homg (B, X)

for all symmetric representations X.

Proof. Since we discuss orbits of representations in different spaces, we set G = GLg(«) and denote
the orbit of V in Repy (Q,«) as G -V and the orbit of V under G in Repy (Q, )’ as G - V.

In the articles [5, 6], Bongartz constructs various partial orders on quiver representations in
Repg (@, ). Per those articles, for Dynkin quivers, B C G - A if and only if dim Homg (A4, X) <
dim Homg (B, X) for all modules X.

(=) This direction is easy since B C G° - A C G - A and thus

dim Homg (4, X) < dimHomg (B, X)



ORBITS OF ORTHOGONAL AND SYMPLECTIC REPRESENTATIONS OF SYMMETRIC QUIVERS 15

(<) Suppose dim Homg)(A4, X) < dim Homg)(B, X). By [6], we have G- B C G - A where G is
the usual group of the underlying quiver. By Theorem 2.7, if V' € Repy(Q,@)?, then G -V =
G-VNRepyg(Q,a)°. Thus G° - B =G - BNRepg(Q,a)° C G- ANRepy(Q,)°.

However, in any topological space X, if S and T are any sets but with 7" closed, then S N'T = SNT.

In our situation, Rep, (Q, «)? is a closed subvariety of Rep,(Q, a) since it is a linear subspace.
Consequently, G- ANRepx(Q,a)” = G- ANRepy (Q,a)? = G - A. The result follows. O

In his paper [12], Reineke provides a general method to construct desingularizations of orbit
closures for all representations of standard quivers of finite type. His proof hinges on the directedness
of the category K Q-90d established by Ringel in [13], a property that no longer holds in K Q-9100,
or KQ-Mod,. However, making a few judicious choices and some slight modifications to Reineke’s
construction, we can still obtain a desingularization of symmetric quivers of finite type.

We remind the reader of key elements in Reineke’s construction. Consider a standard quiver Q.

Given sequences i = (i1,...,4,) € Qf and a = (a1,...,a,) € N”, we call the pair (i,a) a
monomial for the quiver ). The weight of the monomial (i, a) is the dimension vector >, apiy €
N@Qo, We say that a monomial is pure of weight i if the support of the weight of the monomial is
the single vertex i € Q.

Let (i,a) be a monomial of weight a. We define the flag variety Fj a as the set of Qp-graded flags

(13) F: K*=F'>F'>...DF' =0

such that F*~1/FF¥ is pure of weight i, and dimension ay, i.e. is a subspace of K, of dimension a.
The group GLg(a) acts transitively on the set of flags F; o and hence if we are given a fixed flag
Fy € Fi a and denote its stabilizer as P; a, then F; o = GLg(a)/ P, 5.

Definition 4.2. If Q is a standard quiver, a partition Z = (Z; ...Z;) of the positive roots of the
quiver @ is called directed if

(1) Extg(Xq, Xg) =0forall a,f €Ty, fort =1,...s;

(2) Homg (X3, Xo) =0 = Extg(X,, Xg) for all « € Z,, f € Z,, with t < w.

Remark 4.1. In [13], Ringel shows that if @ is of finite type, the category K Q-900 is representation-
directed ensuring that directed partitions always exist.

Given a representation V € Repy (Q, ) and a directed partition Z = (Z; ...Z;) of the roots of
@, we construct a particular monomial (i, a(V)) which allows us to obtain a desingularization of
the orbit closure of G-V in Repy (@, «). Since ) possesses no oriented cycles, we establish a total
order < on the vertices @)y such that the existence of an arrow ¢ — j implies ¢ < j. For 1 <t < s
we define w; as the sequence in @)y obtained by taking the elements of

{i € Qo : a; # 0 for some o € 7}

in increasing order. Then we define i as the concatenation (wj . ..ws).

For any V € KQ-DMod, we define V() as the direct sum of all summands U of V' which are
isomorphic to some X, where a € Z;. Then, writing w; as (i1,...,4,) we define a;(V) as the
sequence (dim;, V(y),...,dim;, V(;)). Finally, we define the sequence a(V) as the concatenation
(a1(V),...,a4(V)) and we call the pair the pair (i,a(V)) the monomial for V' with respect to the
partition Z. Clearly

li|
V=Viy® - ®Vy and dimV = Zam e NQo
k=1

We will call the monomial (i,a(V)) constructed as above, the monomial subordinate to the par-
tition T and the representation V.
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In order to construct a desingularization for orbit closures of symmetric quiver representations,
we follow Reineke’s setup but employ a specific partition of roots that is symmetric under the action
of our involution and modify the proof of his Theorem 2.2 in [12].

First, we need to establish the notion of symmetric monomials. For any finite sequence u; of
length |u|, define p(u) as the reverse sequence that has p(u)x = ujy41-r for 1 < &k < |ul. Then we
call the monomial (i,a) symmetric if p(i); = o(ix) and p(a) = a.

We also need to utilize a partition of roots for @ that is directed for the underlying quiver and
that is also symmetric with respect to our involution o on Rep (@, «).

Definition 4.3. Let 7 = {Z;,...,Zs} be a directed partition of positive roots of a symetric quiver
(Q,0). We call a directed partition symmetric if for all t € {1,..., s},

p(I)e = {(ao(i))icqo : @€ Li}
In otherwords, p(Z); = o(Z).

For any definition to carry weight, one must know that such an object exists. Hence, we prove that
symmetric directed partitions exist for symmetric quivers of finite type by illustrating one partition
with all the prescribed properties.

Definition 4.4. Let Q be a quiver of finite type. Consider the Coxeter functors 7= and 7~ on
KQ-OMod as defined in [4] or [2]. Define a 77 -chain (resp. 77-chain) as a sequence of isomorphism
classes of indecomposable modules (M;)1<;<; such that M; 1 = 77 (M;) (resp. M;11 = 7H(M;)).
Moreover, we define a mazimal 7~ -chain (resp. 77-chain) as a 7~ -chain (resp. 77 -chain) of maximal
length in the set of all chains of Coxeter functors.

Remark 4.2. Note that for any Dynkin quiver, regardless of orientation, a maximal 7+-chain begins
at an injective simple module and ends at a projective simple module, and vice versa for 7~ -chains.

Definition 4.5. Let L be an indecomposable quiver module which is not injective. We denote by
J*(L) the module in KQ-MMod such that a representative of the non-trivial element in Ext(7" (L), L)
in given by:

0— 7H(L) — J(L) — L —0

The modules JT(L) are usually not indecomposable but we shall use them in the following to
construct a symmetric partition.

Lemma 4.6. Let (Q,0) be a symmetric quiver and let (L, ..., Lo, L1) be a mazimal 77 -chain of
classes of indecomposable representations of the underlying quiver Q°. Suppose we impose upon a
directed partition of roots I, the following two conditions:

e dimL; €Ty 1 for 1 <t <s';

e if L' is an indecomposable summand of J* (L) where dim L € Z; then dim L' € T;_;.

Then such a directed partition T, exists and is a symmetric directed partition of length s = |I.| =
28" — 1.

Proof. Since 71 (L1) = 0 and since there exists no module M € KQ-9od such that 77 (M) = Ly,
then if the two conditions hold, they together impose that |Z.| = 28’ — 1 :=s.

Since KQ-Mo0 is representation-directed, there exist no cycles in the Auslander-Reiten quiver of
indecomposable modules of the path algebra K@Q. Therefore, by properties of the AR-quiver (see
[3]), if M and N are indecomposable modules in KQ-9t09, then all paths from [M] to [N] have the
same length.

We remark that by Proposition 3.4 in [8] states that the involution functor and the Coxeter
functors are related by

(14) ot =170
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Consequently, the AR-quiver itself is a symmetric quiver where for all indecomposable modules M
we have o([M]) = [M*] (the dual quiver after relabeling ¢ — o(4)) and for all irreducible morphism
a: M — N, o(a) =a*.

By Gabriel’s Theorem, since @ is finite type, there is a 1-1 correspondence between positive roots
and indecomposable modules so the vertices of the AR-quiver are parametrized by positive roots. A
partition Z, of positive roots satisfying the conditions of the lemma can be constructed as follows.
7, (resp. Zs) consists of dimension vectors of final (resp. initial) terms in maximal 7 -chains. (Note
that final terms of 77 -chains must be projective.) Then impose the condition that if there exists an
irreducible morphsim f : M — N for M, N € Ind KQ and dim M € Z;, then dim N € Z;;;. By
Theorem VII, 2.1 in [3] the AR-quiver is connected and since all paths between pairs of modules
have the same length, this partition Z, is well-defined.

For every indecomposable module L and for every indecomposable summand N of JT (L), we
know that

(L) - N and N—L

are irreducible morphisms. Consequently, Z, satisfies the desired conditions of the lemma.
We must check that the partition Z, is directed. Consider indecomposable modules M and N
such that dim M € Z; and dim N € Z,, with ¢t < u. Then there does not exist a path

fn—l

p:N:Al f A2 L An:M
in the AR-quiver. Consequently, Extg(M, N) = 0. By the same reasoning, we also obtain that
Homg (N, M) = 0. Therefore, the partition we constructed is directed.
Finally, our partition is symmetric by construction, that is to say that for 1 <t¢ < s, the roots in
Ts1+1—¢ (reversing the sequence) are precisely the roots of elements in o(Z;). O

Remark 4.3. (1) Note that these partitions constructed in Lemma 4.6 correspond to vertical
columns in the Auslander-Reiten quiver when displayed in the standard way. For the reader
who is acquainted with the Auslander-Reiten quiver, this remark provides a very simple way
to construct symmetric directed partitions in a specific example.

(2) We remark that we may also characterize this partition as the minimal partition in which
for all indices ¢ with 1 < ¢ < |Z,| we have Homg (X4, Xg) = 0 = Extg(X,, Xg) for all a # 3
in Zt~

(3) Finally, the partition constructed in Lemma 4.6 is not always the only symmetric directed
partition that exists. In fact, one may profit from a different partition when studying orbits
of a symmetric Az quiver in great detail. (The author will make use of this in a future article
that discusses orthogonal and symplectic orthogonal ideals.)

Lemma 4.7. Let T be a symmetric directed partition of the positive roots of a symmetric quiver
(Q,0). Then for any orthogonal or symplectic representation (V,(-,-)) of Q, the monomial (i,a(V))
subordinate to I and V is a symmetric monomial.

Proof. Following the notation of the construction (i,a(V)), i = (wiws...ws). Thus, reversing the
sequence we get p(i) = (p(ws)p(ws—1)...p(w1)). For any 1 < ¢ < s, p(wst1—¢) consists of i € Qg
such that o; # 0 for o € Z1_ written in reverse order. o(p(wt)) consists of o (i) such that o; # 0
for @ € Z411— that is of ¢ such that a; # 0 for a € Z; written in increasing order. Hence o(p(i)) =i
and hence i is symmetric.

The same work applies to show that if (V,(-,-)) is an orthogonal or symplectic representation,
then a(V) is symmetric. O

Reineke’s flag variety ;i o defined above is not quite the space we need in our situation. We define
the variety of symmetric flags, F¢_ as follows. If (i,a) is a symmetric monomial of length v, then

i,a
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F3 o consists of the flags in Fj a
(15) Ka:FODFlD...:)FV:()

that also satisfy F'¥~7 = (F7)* where perpendicularity of course depends on the form (-,-) on Vi.
We notice that such symmetric flags are in a one-to-one correspondance with the set of isotropic
flags in Vy.

Define X {a As pairs of symmetric representations and symmetric flags that are compatible. That
is to say,

(16) Xis,a = {(R7 F) € RepK(Q7a)U X Fis,a : R(Fl) - Fi+1}

We fix one particular symmetric flag, say Fo € 77, and let P; a be its stabilizer in G7. We call Y}%,
the subspace of representations in Repy (Q,«)? that are compatible with Fj. l

With these notations, we remark that the elements of G preserve the form (-, -) and acts transi-
tively on the variety of symmetric flags 77, and thus we can identify G?/P; o with F; o Furthermore,
we identify X7, with '

G7 xPa Vi, = G x Yifa/((g, V) ~ (gh, hV) with h € Pi@)
via:
G xTia Yifa — XiS’a
(9, M) — (gMg~", gFp)
This identification presents X, as a vector bundle over the homogeneous space of symmetric
flags 77, = G/ P;.a so that the map
Ti,a - Xis,a — Repg (Q, @)

that projects onto the first factor in the definition of X7, is a projective morphism. We can now
state the main result of this section, basing its proof in large part on the proof of Reineke’s theorem
2.2 in [12].

Theorem 4.8. Let T be a symmetric directed partition. Let V be a symplectic or orthogonal repre-
sentation of Q and let (i,a) be the monomial subordinate to 7 and V.
Then the image of Xifa under T 5 s the orbit closure Oy = G° -V and m; 5 provides a desingu-

larization of Oy .

Proof. First, we remark that as in the constructions of [1] and [12], since X}, is a vector bundle over a
homogeneous space it is a smooth scheme. Furthermore, X} is a closed subscheme of G7/P; a X Y;°,
and so T 5 is projective and hence proper. 7 7

We now prove 7 a(X7,) = Oy. Now consider a pair (M,F = {F}}) € X{a- Since the two
elements in the pair are compatible, we have M (F}) C Fj11. The purpose in using a partition is
that what may use the method of Reineke’s proof to deduce the key step that this compatibility
implies M C G- V. Then, by Lemma 4.1, we deduce that m; a(X{,) € G7-V = Oy.

However, by construction 71'1_;(‘/) € X7, and the space X7, is G7-stable. Hence Ti.a(Xia) = Ov.

Finally, we claim that m s @ 7 ;(Ov) — Oy is an isomorphism. However, we only need to show
that 7, ) (mi,.a(M)) = M where M = My D My D ... D M, = 0 is a filtration of type (i,a(V)). We
can coarsen the filtration to M = My D M; O ... D M, = 0 where Mk,l/Mk is of dimension vector

(17) dimM(t) = Z aji; € NQo
JEL:



ORBITS OF ORTHOGONAL AND SYMPLECTIC REPRESENTATIONS OF SYMMETRIC QUIVERS 19

By Lemma 2.3 in [12] and the Hom-vanishing and Ext-vanishing properties coming from our
choice of symmetric directed partition, we see that M; = M41) @ -+ @ M) for all t and that this
filtration is unique.

In the situation of symmetric representations of A,, the only remaining difference from standard
representations comes from the fact that for ¢t # 5;1, My is not a symmetric subrepresentation.
However, we obtain unique orthogonal or symplectic subrepresentations by taking instead M (’ H =

My ® Mgp1-4) for 1 <t < % and simply M(’t) =My ift = S; .

This shows that m; 5 : ey al(OV) — Oy is an isomorphism and hence concludes the proof of the
theorem. O

5. EXPLICIT CALCULATIONS FOR SYMMETRIC EQUIORIENTED A,

5.1. Desingularization of orbits of a symmetric As quiver. We return to Example 2.17 and
describe the desingularization for orbits of symmetric Az quivers. Number the vertices of the un-
derlying quiver as A3 : 1 — 2 — 3.

To use Theorem 4.8, we first must have a symmetric directed partition of the roots of As. In
practice, it is easy to find a such a partition by looking at the Auslander-Reiten quiver. Because of
(14), the AR-quiver of a symmetric quiver (Q, o) will possess a natural axis of symmetry. We must
select a directed partition of the roots that is symmetric with respect to this axis.

The following diagram illustrates the coarsest symmetric directed partition on As:

RN
Is \
/111\

(18)

/

The above symmetric directed partition is not unique for we also could have chosen the following:

1010/
N4

BN B\ T N TN T\
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In order to construct a minimal desingularization, we will use the symmetric directed partition

T = (Z1,7Z5,Z3) listed in the first diagram. This partition Z gives us the sequence of vertices
i=(2,3,1,2,3,1,2)

Now let (V,{:,-)) be an orthogonal (resp. symplectic) representation of symmetric As with (sym-

metric) dimension vector dimV = (r11,722,711). We also call
ri; =rank V(i — j)

for 1 < i < j <3 and by symmetry ro5 = r12. Using a standard result from [1], we find that the

corresponding sequence a(V) is

a(V) = (ri2 —r13,711 — 113,713, 22 — 2712 + 2713, 713, 711 — 713,711 — T12)
As a corollary to Theorem 4.8, we can exhibit a desingularization of the closure of the orbit of V' in

RepK(Qa a)a'

Corollary 5.1. Let V' be an orthogonal (resp. symplectic) representation as above. Let F be the
homogeneous space F = G(r1; — 113, V1) X IG(r15 — r13,V2) - a product of a Grassmannian and an
isotropic Grassmannian. Then the desingularization of the orbit closure Oy in Repy (Q, ) is

X ={((R,S),¢) € F x Hom(V1,V2) : (V1) C S and ¢(R) C S}
where S = {v € Va : (w,v) =0 for all w € S}.

Proof. For U any subspace of Vx, define U = {v € V& : (w,v) = 0 for all w € U}. By the properties
of (-,-), if U is a subspace of V; then U is a subspace of Vo (#)- Furthmore, it’s easy to check that
¢(U1) CU; ¢*(U2) cU;

From Example 2.17 we see that Repy (Q, ) = Hom(V1,Vs). Let Fj a(v) be the flag variety as
described in (13). We now interpret the definition of X7, in (16). Let F' be a symmetric flag in
Fia(v)- Since (¢,¢*)(F°) C F! and F°/F" is of pure weight 2 and dimension 715 — 13, we deduce
that ¢(V1) C S where S is a subspace of V5 of dimension 795 — 712 + r13. We also deduce that
¢*(S) = 0 which implies that S is an isotropic space of Va.

Since (¢, ¢*)(F') C F? and F'/F? is of pure weight 3 and dimension r1; — r13, we deduce that
¢*(S) C R where R is a subspace of V3 of dimension r13. Consequently, ¢(R) C S where R is

a subspace of V; of dimension 717 — r13. It is now only a matter of exhaustion to show that the
condition (¢, ¢*)(F?) C F**! adds no new restrictions on subspaces. O

We leave as an exercise to the reader to verify that
codim Oy = dim Repg (Q, a)” — dim X = dim Ext(V, V)(=¥)
using the formula calculated in Lemma 3.6.
5.2. Properties of the Symmetric Directed Partition for Equioriented A,. Let us briefly

consider the more general case of equioriented A,, so that representationshave the form

V(al) V(a2) . V(anfl)

Viow v Vi
Similar to the presentation in [1], for all (i,5) € T,, = {(4,4) : 1 <i < j < n} define
ry; = rank V(i — j) for all (4,7) € T,

l]:

In order to simplify formulas, we also set r% =0 for all (¢,7) ¢ T,.
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Let (V,(-,-)) be a symplectic or orthogonal representation of symmetric equioriented A,, quiver.
As a K@Q-module, V' decomposes into the direct sum

ve @ By
(4,)€Tn
with
Aij zrx—ry_17j—rxj+1 —|—rl‘/_1)j+1 for all (i,5) € T,

For equioriented A,, in general, the partition exhibited in (18) is no longer applicable but the
partition in (19) always is. We use this second partition where the sets of roots correspond to
vertical columns in the AR-quiver. Explicitly, this partition is Z, = (Z1,...,Zs) where s = 2n — 1
and

I ={a: Xo =2 E;j € Repg(Q, ) where k =2n+1—1—j}
With this partition and an orthogonal or symplectic representation V' € Repy (Q, @)? we create a
monomial (i,a(V)). Recalling that i = (w; ...wan_1), we can use a simple induction to show that
wy = (max{1,n+1—t},...,min{2n — ¢t,n}) and hence that |w;| = min{¢,2n — t}.

From these two observations we deduce two more facts. First of all, each vertex k € QQy appears
exactly n times in i. Secondly, and as a consequence of the first observation, we have

2n—1

(20) Z th‘ = n2

so i and a have length n?.
The calculations for a,(V') given us

(21) (@(V)u= Y. A forl<uc<l|w

i+j=2n+1—t;
i<u<j

Furthermore, for each vertex k € Qo we can project the flag variety 77, onto a certain flag variety
of subspaces of Vj. Since each vertex k appears in i n times, then on each vertex every flag in 77,
restricts to a flag of the form V3, = F° 5 F' O ... D F" = (0 where
(22) dim(F¥/FFhy = Y Ay where 0 <1 <n—1

i+j=n+l—k;
i<I<j

Furthermore, if n = 2n’ — 1 is odd, then Fia projects onto a symmetric flag variety of subspaces
in V,,» which in turn can be identified with the isotropic flag 0 = F* c F! C --- C F™ where

(23) dim F, = > Aij
n/+1<i+ji<n/+1;
i<n’<j

5.3. A Numerical Codimension Formula. As an immediate result of theorem 4.8, we can deduce
the dimension and hence codimension of the of the orbit closure of an equioriented symmetric A,,-
representation V.

We recall for comparison the codimension of the orbit of a standard A,, representation with rank
conditions r;;, where 1 < ¢ < j < n. As noted in [7] if one considers representations of a standard
equioriented 4,, quiver, the codimension of the orbit in Repy(Q, «) is:

(24) D (rigo1 = i) (T — )
1<j

For symmetric representations we obtain instead:



Corollary 5.2. Setting e’ = (—=1)" e and T), = {(i,7) : 1 <i<j<nandi+j<n-+1}, the
codimension of V', a representation of a symmetric quiver Q, is:

(25) codim(Oy) = > (rij—1—ri)(riz1; —rij)+
(i,5)€Tn
i1
1 !
Y. i1~ Tie) (Fiot)-1 — Tia) + )

. +1
1<i< gt

REFERENCES
[1] S. Abeasis, A. Del Fra, and H. Kraft, The Geometry of Representations of A,,, Math. Ann., vol. 256, p. 401-418,
(1981).

[2] M. Auslander, M. I. Platzeck, and I. Reiten, Coxeter Functors without Diagrams, Trans. Amer. Math. Soc., vol.
250, p. 1-46, (1979).

[3] M. Auslander, I. Reiten and S. O. Smalg, Representation Theory of Artin Algebras, Cambridge studies in advanced
mathematics vol. 36, Cambridge University Press, Cambridge U. K., (1995).

[4] I. N. Bernstein, I. M. Gel’'fand, and V. A. Ponomarev, Coxeter functors and Gabriel’s theorem, Russian Math.
Surveys, vol. 28, 2, p. 17-32, (1973).

[5] K. Bongartz, Minimal singularities for representations of Dynkin quivers, Comment. Math. Helvetici, vol. 69, p.
575-611, (1994).

[6] K. Bongartz, On degenerations and extensions of finite-dimensional modules, Adv. Math., vol 121, 2, p. 245-287,
(1996).

[7] A.S. Buch and W. Fulton, Chern class formulas for quiver varieties, Invent. Math., vol. 135, p. 665-687, (1999).

[8] H. Derksen and J. Weyman, Generalized quivers associated to reductive groups, Colloquium Math., vol. 94, 2, p.
151-173, (2002).

[9] P. Gabriel, Unzerlegbare Darstellungen I, Manuscripta Math., vol. 6, p. 71-103, (1972).
[10] R. Hartshorne, Algebraic Geometry, GTM #52, Springer Verlag, New York, (1977).

[11] J. E. Humphreys, Introduction to Lie Algebras and Representation Theory, GTM #9, Springer Verlag, New
York, (1970).

[12] M. Reineke, Quivers, Desingularizations and Canonical Bases, in Studies in Memory of Issai Schur, Progress in
Mathematics vol. 210, Birkhauser, Boston, (2002).

[13] C. M. Ringel, Tame Algebras and Integral Quadratic Forms, LNM #1099, Spinger Verlag, Berlin, (1984).

E-mail address: steve.lovett@enc.edu



