RESOLUTIONS OF ORTHOGONAL AND SYMPLECTIC ANALOGUES OF
DETERMINANTAL IDEALS

STEPHEN LOVETT

ABSTRACT. We consider orthogonal and symplectic analogues of determinantal varieties Oy, -
Such varieties simultaneously generalize usual determinantal varieties and rank varieties of sym-
metric or anti-symmetric matrices. We find (non-minimal) resolutions of the coordinate rings of
the varieties Oy, r,. We determine that “nearly all” such varieties are Cohen-Macaulay and for
those that are Cohen-Macaulay we calculate the type. Furthermore, we provide a simple charac-
terization for which varities Omwz are Gorenstein. As an application, we present a class of ideals
in k[Hom(F, F')] that are Gorenstein of codimension 4.

1. INTRODUCTION

In [5], Kac classified all the representations of connected reductive groups with finitely many
orbits. In his article, Kac organizes representations with finitely many orbits into three types and
lists them explicitly in his Tables II, IIT and IV. Among the representations on Table II, one finds
only four families of doubly-infinite families. Setting k& an algebraically closed field of characteristic
0, these four families are

a) G =SL(E) x SL(F) x k* actingon V = E® F where E = k® and F = k';

b) G = GL(E) x SO(F) acting on V = E® F where E = k® and F = k/ with F' an orthogonal

space and f odd;
c) G = GL(E) x Sp(F) acting on V = E® F where E = k¢ and F = kf with F a symplectic
space (and f even);

d) G = GL(E) x SO(F) actingon V = E® F where E = k™ and F = k/ with F an orthogonal

space and f even.

Closures of orbits in family (1) correspond to determinantal varieties about which much is known.
The result that is most relevant to this paper is Lascoux’s minimal free resolution of the determinan-
tal varieties established in [8]. Given two e, f two integers, one sets X = Hom(k®, k/) = Hom(E, F)
and one considers the subvariety Y, of all matrices of rank at most r. Lascoux defines a minimal
free resolution of k[Y,] over A = k[X] where the i-th term in the resolution is given by:

(1) F, = @ @ Ky E ® Kys). 00 F @ A(=|A])
s>0 AeP(r,s):|\|—rs=i
where P(r, s) is the set of partitions satifying
As 2145 Asp1 <8
and w(s) - (0,A) = (A1 =7, A = 1, 8", Mgty - o5 At).
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(Each term in the above resolution is built up as the direct sum of tensor products of Weyl
modules K F defined for any weight A and any vector space . We remark at the outset that some
authors use the notation SyE to denote the Weyl module of E associated to the partition A. )

In analogy with the usual determinantal varieties, we will henceforth call the orbit closures in the
remaining families (2)-(4) orthogonal or symplectic analogues of determinantal varieties. Consider
a vector space E of dimension e and F a orthogonal (resp. symplectic) vector space of dimension f
equipped with a symmetric (resp. skew-symmetric) non-degenerate bilinear product (-,-) for which
F' can have isotropic spaces of maximal dimension. The non-degenerate bilinear form (-,-) defines
an isomorphism i : F' = F* by v — (v,-). When we consider a linear map ¢ : E — F we define
¢* : F — E* as the composition ¢* o i. With these notations, all orthogonal (resp. symplectic)
analogues of determinantal varieties are of the form:

Ory r, = {¢ € Hom(E, F) : tank ¢ < ry and rank(¢*¢) < ro}
where 1 and 7y are integers satisfying the compatibility conditions
(2) 0<r<r <e and 2r1 —rg < f.

In this paper, we find non-minimal free resolutions for the coordinate rings for O, ., for the
families (2)-(4).

This paper is organized as follows. In section 2, we use results from Joézefiak, Pragacz and
Weyman [4], to produce a relative version of a resolution of a rank variety for symmetric (resp.
skew-symmetric) over a Grassmannian. Applying the geometric technique (see [12])to this relative
resolution, we obtain a double complex and in our main theorem 2.2 prove that the iterated mapping
cone construction on this double complex is in fact a resolution for k[O,, ,,] as a quotient ring of
kE[Hom(E, F)).

In section 3 we calculate the length of the resolution obtained in section 2, which allows us to
define a necessary condition for when an orbit closure is Cohen-Macaulay. In Theorem 3.1, we prove
that all orbit closures O,, ., are Cohen-Macaulay except in the narrow case when F' is orthogonal,
f =2r;y —ry and ro # 0. For this last class of orbit closures, we cannot conclude at present which
are and which are not Cohen-Macaulay but we provide an example to show that not all of them are.

Because of the nature of the resolutions obtained in section 2, if O,, ,, is Cohen-Macaulay, it is
an easy task to calculate the type of k[O,, ,,] as a k[Hom(E, F')]-module. Therefore, in section 4 we
provide explicit formulas for the type and determine necessary and sufficient conditions for an obit
closure O,, ,, to be Gorenstein.

As it turns out, we do not need to investigate the behavior of orbits in families (2)-(4) separately.
All the calculations can be done uniformly if we use the following numerical convention:

B {1 if F' is an orthogonal space

—1 if F is a symplectic space

2. RESOLUTION OF THE COORDINATE RINGS OF ORBIT CLOSURES

We assume the reader is familiar with the notion of a partition (see [11] for a reference) but
since many of the objects we use are parametrized by partitions, we establish our notations before
presenting the construction of our resolution. A partition A is a finite sequence of positive integers
(A1, A2, ..., A). We call the depth [(A) for the length ¢ of the sequence and the content |A| is the
sum [A| = A1 + Ay + -+ -+ At. The conjugate N is the partition defined by

No=#{i 0 A\ > )
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We call the rank of a partition the length of the diagonal (when viewing a partition as stacked rows
of boxes), i.e. the quantity

#{i: N\ >dand N, > i} .
The Frobenius notation describes a partition using two strictly decreasing sequences of positive
integers with length the rank r of A by writing

)\:(a17...,ar|b1,...,br)
with

a;=XN—1+1 for1l<:i:<r

bi=XN—i+1 forl1<i<r.

Again viewing the partition as stacked rows of boxes, the integers a; (resp. b;) correspond to how
many boxes are at or directly to the left (resp. below) the ¢’th box on the diagonal.

As stated in the introduction, our idea for the construction of resolutions of k[O,, ,,] is to begin
with a relative version of the resolution for the coordinate rings of the varieties Oe,’rz over the
Grassmannian G._,, (E). Letting Q be the tautological quotient bundle over G._,, (E), we will
create a resolution of Sym(Q ® F')-modules of a particular ideal sheaf J that corresponds to certain
symmetric or antisymmetric maps of rank ro in Hom(Q, Q). Applying the global section functor
I'(Ge—r, (E),—) to our resolution for J leads to a complex of Sym(FE ® F')-modules from which we
produce a resolution for k[0, ,,] as a quotient ring of k[Hom(E, F')].

To carry out our approach, we need to possess resolutions for the coordinate rings of symmetric or
antisymmetric matrices with specified rank. Jozefiak, Pragacz and Weyman thoroughly studied such
resolutions in [4] and we borrow their results. For completeness, provide a condensed description
of the terms in the resolution, using a different though equivalent formulation that will mesh more
easily with the results of this paper.

For the variety of antisymmetric matrices of a specified rank, we remark first that the rank must
be even. The authors in [4] set G = k™, X = Alt,, (k) the affine space of antisymmetric matrices, and
Y5, the variety of all matrices of rank at most 2p. The ¢’th component of a minimal free resolution
of k[Y2,] over A = k[X] is equal to

3 D K\G e A(-A)
dy(N)=i
where writing the partition A = (aq,...,a¢b1, ..., b:) in Frobenius notation, A satisfies b; = a;+2p+1

and d,(\) = ', a.

For symmetric matrices, in [4] the authors set G = k™, X = Sym,, (k) the affine space of symmetric
matrices, and Y, is the variety of all matrices of rank at most r. They construct a minimal free
resolution of k[Y;] over A = k[X] whose i’th component is equal to

(4) P K\G®A(-|A)
do(N)=i
where writing the partition A = (ay,...,a¢by, ..., b:) in Frobenius notation , A satisfies b; = a;+r—1,

t is even and d,(\) = Zszl(ai —1).

We are now in a position to present our resolution of k[0, ,,] for any O, ,,, an orthogonal or
symplectic analogue of a determinantal ideal. However, we first remind the reader of a proposition
in homological algebra that plays a central role in our construction.

Proposition 2.1. Let R be a ring. Consider a finite complex Co of R-modules

0—>CS&>C3_1—>-«-—>C'1ACO—>O.
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Suppose also that for each 0 < i < s we have finite projective resolutions P.(i) — C; — 0 augmented
so that Pél) = C;. Then there exists a finite projective resolution

L, — Coker(0;) — 0 such that L; = @ P,gj) .
k=i

Proof. This proposition merely describes a standard iterated mapping cone construction so we leave
it to the reader as an exercise in homological algebra. (See [2] for a reference.) O

With the iterated mapping cone construction at our disposal, we now present our construction

of a resolution of k[O,, ,] as a module over k[Hom(E, F)]. Let G._,, (E) be the Grassmannian of
(e — r1)-dimensional subspaces in E. We have a sequence of tautological bundles over G._,, (E):

0—R—Ge(E)x E— Q—0

Over Ge_r, (E) define the sheaf of algebras A = Sym(Q ® F'). Let J be the sheaf of ideals that
corresponds to injective morphisms ¢ : @ — F' such that rank ¢*¢ < r9 and consider a minimal free
resolution of A/J:

(5) 0—Fp,— —Fp—F —A—0

Let T be the functor of sections over G._,, (E). Calling Fy = A for consistency, we obtain the
complex:
0 —T(Fm) — - — I(F1) —T(Fo) —0
From formulas (3) and (4) we can calculate the terms F,, as follows. Let P(a,l) be the set of
partitions A contained in the a x (a — I)-rectangle such that if
A= (a17"'7ar|b17"'ab7’)

in Frobenius notation, then b; = a; + 1 for all 1 < ¢ < r. Let P(a,l)even be the partitions of P(a,l)
with even rank r. Define also the functions

ds(A\)=>a; and  do(A) =) (a;—1)
i=1 i=1
and the sheaves
My = K0 ®A(—|A|) with global sections My =T(M,).

Then the relative version of (3) and (4) over the Grassmannian gives

F = @)\ tdo(N)=j M)\ if Fis Orthogonal
T D a.0)=; Ma if F'is symplectic
and
D a,0)=; Mr if F is orthogonal
D a.n=; Ma if F' is symplectic

I(Fj) = {

where the summations are taken over A € P (71,72 —¢)even if F' is orthogonal and over A € P(ry,ro—¢)
if F is symplectic. Furthermore, we know from [4] that the length of the resolution (5) is

B (7“1 — 7"2)(T1 — T2 + E)
= 5 )

We now need to find resolutions for the A-modules I'(F;). We use what is generically called
the geometric technique and refer the reader to chapter 5 of [12] for a thorough presentation of
the technique. Using the geometric technique with the bundle ¢ = R ® F', we will prove below in
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Lemma 2.3 that the complex Fq(M,) is an augmented resolution of M) as an A-module, where
A = k[Hom(E, F)]. Consequently, we obtain the diagram of A-modules

0 0 0
| T T
(6) 0 T(Fpm) o T(Fy) I'(F) 0
T T T
D, Fo(My) D, Fo(My) Do Fe( M)

where the row across the top is a complex, the columns are augmented resolutions and €p i Fe (M)
indicates that the direct sum of complexes is taken over all A in P(r1, 72 — &)even (resp. P(ri,re—¢))
such that d,(\) = j (resp. ds(\) = j). We can therefore use Proposition 2.1.
For each A € P(ry,72 — €), we need to study the complex Fq(M,) with £ = R® F. We are
interested in the length of the complex Fo(M ) and whether any terms appear in negative degrees.
By Theorem 5.1.2 in [12], if we set A = k[Hom(E, F)] = Sym(E ® F'), then

i+j
(7) F;(My) = @Hj (Gef’l‘l(E), /\(R@ F)® K/\Q> @ A(—i — j)
j=>0
(8) =P P EoF@H Gy (E),Va) @k Al—i — j)

720 p: |pl=i+j
where Vy ,, is the bundle V) , = K,Q ® K, R over the Grassmannian G._,, (F). Consequently, in
order to study the terms of the complex Fo (M), we must calculate the cohomology groups

Hj (Ge—h (E)7 VA»IL)

where A € P(ry,r9 —¢) if F is symplectic, A € P(r1,72 — €)oven if F' is orthogonal, and p is in the
rectangle of dimensions (e —r1) X f.
With A fixed, by Bott’s Theorem (see Theorem 4.1.8 [12] for a reference), two cases may occur:
a) if there exists 0 € Wg = S, not the identity such that o®((A, 1)) = (A, ), then
H (Ge—yy (E),V2,) =0  forall p
b) if there exists o € S, such that o®((A, ) is a dominant weight, then
; 0 ifj#1(o
HI (Ge—y, (E), V2 ) :{ : Jjé (0)
Kgo(()\“u))E lfj = Z(J)

Consequently, with a fixed partition A, we must determine the following set
(9)  Dx={p€ (e—ry) x frectangle |3o € S, — {id} such that o*((), p)) is dominant} .
By Bott’s Theorem, each 1 € D) contributes one term to the resolution Fo(M) which appears in
degree
da(p) = o (A, )| = [A| = (o)
= |pu| = U(o)
where o*((A, 1)) is a dominant weight. (From this last expression, it might appear as though the
degree does not depend on A but that would be incorrect since o depends on both p and A.) Even if

we do not determine the set of partitions D) completely, we will still profit from knowing extremal
values of the function dy : Dy — Z.

(10)
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The above construction leads to this paper’s main theorem.
Theorem 2.2. With notations as above, the m’th iterated mapping cone construction on the complex
0 —I(Fn) — - —T(F1) — T'(Fo) — 0
is a resolution of k[Oy, »,] as a k[Hom(E, F)]-module. More explicitly, there is a free resolution
L, — k[Hom(E,F)] — 0
of k[Oy, r,] as a k[Hom(E, F)]-module with
L= P P KFoH (G (E)Vrn)®A-j—k)
l+k=id(N)=1l j=0 p: |u|=k+j
where in the second summation d(\) refers to do(A) and A € P(r1,72 — €)even if F is orthogonal

and d(X) = ds(X) and X\ € P(r1,r2 —€) if F' is symplectic. Furthermore, one calculates the terms
HI(Ge—r,(E),Vxu) using Bott’s Theorem as described above.

Proof. The proof of this theorem follows from the next two lemmas. O

Lemma 2.3. The complex Fy(M,) is a resolution of My =T'(KxQ® A(—|A|)) as a k[Hom(E, F)]
module. In particular, if we let dy : Dy — Z be the degree function as above, then dx(u) > 0 for
all uw € Dy and if dyx(u) =0 then u = (0,0,...,0).

Proof. Consider the determinantal variety Y = {¢ € Hom(E, F') : rank¢ < r1} along with one of
its standard desingularizations

Z ={(¢,R) € Hom(E,F) X Go_,,(E) : ¢|p =0} .
Over the Grassmannian V = G._,, (F) one has the tautological sequence of vector bundles
0—R—F—Q9—0

We then see that Z is the total space of the vector bundle @* ® F' and hence in the setup of the
geometric technique we utilize the bundles

n=Qx®F"
E=RQF".
We employ the set up of Theorem 5.1.2 in [12] with the diagram
Z —— Ge—p,(E) x Hom(E, F)

q'l lq
Yy &——> Hom(FE, F)
We deduce that _
H_j(Fo(K\Q)) = H (Ge—r, (E), KAQ® Sym(Q® F)) .
However, by the straightening rule
Sym™QeF)= P K.Q®K,F
p: lpl=m
and Littlewood-Richardson rule, it is not hard to show that
KyE ifi=0
0 ifi > 0.
Therefore, the complex Fo(M,) is in fact a resolution of M)y as a k[Hom(E, F')] module.
The rest of the lemma follows immediately. O

Hi(Gefrl (E);K/\Q &® Sym(Q ® F)) = {
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Lemma 2.4. Consider the diagram in equation 6. Set A = k[Hom(E, F)]. We have the following
equality of A-modules:
Coker(T(Fy) — T'(Fo)) = k[Oy, 1,)-

Proof. Let us begin by determining the first few terms that resolve M = Coker(I'(F;) — T'(Fo)).
From the iterated mapping cone construction we form a resolution of M which we call L,. We can
easily obtain the terms Ly and L; from our construction and Proposition 2.1.

Ly = T'(Fo) where Fy = A = Sym(Q ® F'). Thus by Bott’s Theorem over the Grassmanian,
whether F' is orthogonal or symplectic, we obtain Ly = A = k[Hom(E, F)].

For L;, we recall first that by Proposition 2.1 that Ly =T'(F;) @ PI(O) where P{” — I'(Fp) is an
augmented resolution of I'(Fy) as an A module. We notice first that

£ Kra+2)Q ® A(=12 — 2)  if F' is symplectic
e K(2r2+1)Q ® A(—2ry — 2) if F is orthogonal

and consequently that

I(F) = {

N> TPE®A(—ry —2)  if F is symplectic
Krt1yE ® A(=2ry —2) if F is orthogonal .

As for calculating P1(0)7 we use the formula 8 with A = 0. We can rewrite (8) in this case as

follows:
P = @ KuF @B (Gemr, (E). Vor ) © Allu)
pelpl>1
If there exists a permutation in the Weyl group of W = S, that sends (0", 1) to a dominant weight
via the dotted action, we call this permutation ¢,. By Bott’s Theorem over the usual Grassmannian,
if 7, exists for some p then HW=Y(G,_,, (E),Vori,u)) # 0 only if I(0,) = |u| — 1. It’s a simple
exercise to see that only the partition p = (r1 + 1,0,...,0) satisfies this requirement and that
r1+1
HM =Gy (B),Viori ) = N\ E-

Consequently, we deduce that

LN E@A( =2 o NN E@ AT F@ A=~ 1) if F is symplectic
C K E@ A(=2r-2) & N"TE@ AT F@ A(—r — 1) if F is orthogonal |

The results from [4] and known results from resolutions of determinantal varieties, we identify
Im(L; — Lp) with an ideal I C A generated by (re + 1)-minors of symmetric matrices £ — E* if
F is orthogonal (resp. (rq + 2)-pfaffians on antisymmetric matrices E — E* if F' is symplectic) and
(r1 + 1)-minors of maps in Hom(E, F)).

In order to finish proving the lemma, we must show that the ideal I is radical, where Coker(L; —
Lg) = A/I. Let us suppose that VI # I. Notice that I is equivariant with respect to the group
GL(E) x O(F) (resp. GL(E) x Sp(F)) and hence so is v/I. Let V be an irreducible representation
of GL(E) x O(F) (resp. GL(E) x Sp(F)) in v/I but not in I. Then V is contained in

@ K\FE® K)\F
A |)\‘§7“1
because otherwise V' would be contained in the ideal generated by (r; + 1)-minors of maps in
Hom(E, F). But this means that the highest weight vector of V already occurs in Sym(E’ @ F)
where dim £/ = r1. In otherwords, it is enough to show that the ideal I is reduced in the case
where dim F = r;. However, this follows as a consequence of the main results in [4] where the
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authors calculate resolutions of the coordinate rings of the space of symmetric (resp. anti-symmetric)
matrices of rank r5. The authors’ resolutions are precisely

0 —T(Fn) — ... —T(F) —T(F) —0

when we assume that dim E = ry. Therefore, the ideal I is radical and the lemma follows. O

3. WHICH ORBIT CLOSURES ARE COHEN-MACAULAY?

_ In Corollary 2.4 of [10], the author proved the following codimension formula for the orbit closures
Oy, r, in Hom(E, F),

(7"1 — 7’2)(7"1 — 79+ E)

5 .
Comparing this formula to the lengths of the resolutions obtained in Theorem 2.2 and in most cases
determine whether or not O, ,, is Cohen Macaulay.

(11) codim@mr2 =(e—r)(f—7r)+

Theorem 3.1. Let E be a vector space of dimension e and F a symplectic (resp. orthogonal)
space of dimension f. Let 1 and ro be any ranks that satisfy the compatibility conditions (2). If
it is not the case that F is orthogonal, f = 2r1 — ro and ro # 0, then the orbit closure O, ., is
Cohen-Macaulay.

Before proving this theorem, we need to establish two lemmas about the dotted Weyl group action
in the situation of this theorem.

Lemma 3.2. Let dy : Dy — Z be the degree function as in (10). Then
d = dx(ftn
l?éaD}i { /\(.U)} )\(ﬂ nax)
where a8 the partition p € Dy such that |p| is largest.
Proof. For any o € S,, define the set U, = {1z € Dy : 0*((A, 1)) is dominant}. Clearly
d =d\(p/
max {dx(u)} = dx(1)
where p is such that |p'| = max,cv, {|p]}-
Now let ¢/ = 7o where 7 is a transposition such that I(¢’) = I(o) + 1. If U, # (), then
< .
max {|ul} < max {|pl}
However, there exists a unique shuffle o,,x € Se With [(omayx) largest possible such that U, # 0.
Therefore

dx(p)} = da(p h h that |p/| =
llirelfgi{ A} =da(n) where p’ is such that |p/| = | hax {Iul}

Tmax

= d(tmax) where fimax is such that |pmax| = max {M} .
pneDN

O

Lemma 3.3. Set A= k[Hom(E, F)]. Let \ be a partition in the rectangle ((r1 —ra +¢€)™), and let
us consider My =T'(K\Q ® A(—|\|)) as an A-module. One of the following two cases occurs:

a) If f — A1 —r1 >0, then the projective dimension of My is
pd4(My) = (e —r1)(f —71).
b) If f — A\ — 71 = —1, then the projective dimension of M) is
pda(My) = (e —r)(f =11+ 1).
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Furthermore, the second case only occurs when e =1 (i.e. in the orthogonal case), f = 2ry —re and
)\1 =711 —72+E.

Proof. The technique of the proof is to refer to Lemma 3.2 and find pmax, the largest u € Dy such
that there exists a o € S, such that o®((\, 1)) is a dominant weight. In particular,

pd 4 (M) = dx(ftmax) = |ftmax| — (o).

Let 1 <141 <ig < --- < i, =11 be the indices where A has jumps. More precisely, we define the
increasing sequence 1 < i1 < i < .-+ < i = r1 by the conditions that for all 1 <[ < k and all
i <4 <y,

Ny = )‘iz and )‘iz > )\il+1 .

Set n = max{0, f — Ay —r1}. We remark that since \ is in the rectangle ((r; — r2 + €)™) the
compatibility conditions (2) indicate that n # f — Ay — 71 only when f — Ay — r; = —1 which only
occurs when f =2ry —rg,e=1and \y =71 — 13 + €.

We construct the partition g = pumax by looking at the jumps in A. The dotted action of a Weyl
element will allow up to n entries of u to get shifted to the left of all entries of A\. At each jump,
one can insert at most \;, — A;,_, entries of u. Consequently, we obtain p by

1<i<n wi = f

n<i§n+)\i1—)\i2 /\il—|—n=ui—(r1—i1)

n+)\zl — ANig < 1 §n+)\“ 7)\1'3 AZ‘2 +n+)\21 7)\1'2 :ui—(rl 77,2)
TL+>\21 —Xig <1 §n+>\11 _>\i4 )\7;3 +TL+)\“ _)‘is :/Ji—(’f’l —23)

Remarking that A\;; = A1 we rewrite this as

1<i<n i = f

n<i<n4+ A — A, Wi=A+n+r —i
n+)\i1—)\i2<i§n+/\il—/\i3 ,ui=/\1—|—n+r1—ig
n—|—)\i1—)\i3<i§n+)\il—)\i4 ui:)\1+n+r1—i3

But we must have i < |u| = e — 71 so these intervals over which we have defined u stop at the
index j where

(12) n+A—A; <e—r1<n+ A — N,
Thus for the indices n + A1 — /\ij <i<e—ryweset u; = A +n+r; —ij.
Therefore we obtain
ltmax| = fro4+ (Niy = Aip) (A +n+ 71— i) + (A — Aig) (M +n+r1 —idz) + -+
+Ni;n =AM Fndr —io) F(e—ri—n—=A+ X)) (Mt —ij) .
Furthermore, it is not too hard to see that

o)=Y #{(i.j) : Nite—i<pj+e—r—j}

and by our construction of u this is equal to

Uo) =mnr1+ Ny — Aip)(r1 — 1) + (Niy — Aig)(r1 — i2) + -
+ (A i1 >\1])( — i 1)+(6—7”1—n—>\1+/\ij)(7"1—ij)-
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Consequently, we obtain

dx(fhmax) = [Hmax| — (o)
(13) =n(f—r)+ M —=A,) M +n)+(e—r1—n—A+X;) (A1 +n)
(14) =n(f—-ri)+(e—r1—n)(\1 +n).

A perhaps surprising remark to this equality is that dy(pmax) does not depend on the jumps in A
or the indices 1;.
At this point, we consider two cases depending on the value of n.

Case 1: Suppose that f—A;—r; > 0 which is false only when f = 2r1—ry, e = land \; = r;1—7r2+1.
In this case, n = f — Ay —r;. When we replace n = f — Ay — r1 in equation (14), we obtain the
following expected result after a few mainpulations:

dx(fhmax) = (e = 7r1)(f —71) -

Case 2: Suppose that f — Ay —r; = —1 which is true only when f = 2r; —ry, € = 1 and
AM =711 —ro+1 Inthiscase, n=0= f — Ay —r; + 1. When we replace n =f — A\ —7r1 +1in
equation (14), we obtain the following expression after a few mainpulations:

d)\(,u/max):(f_)\l_T1+1)(f_’rl>+(6_f+)\l_1>(f_rl+1)
=(e—r)(f—-r1+1).

Proof. of Theorem 3.1

Suppose first that F' is orthogonal (i.e. € = 1) and f = 2ry — ro. Theorems 4.9 and 4.10 in [10]
establish that given this assumption Omrz is Cohen-Macaulayness when ro = 0. Notice that if we
assume dim F' = 2r; — ro, 79 = 0 implies that F' is even dimensional.

Suppose now that € # 1 or f > 2r; — ro. By Proposition 3.3, the resolution Le created by the

iterated mapping cone construction has length

(ri—ro)(ri —ra+¢)
2

which according to (11) is precisely the codimension of Oy, ,.,.

Even though L, is not a minimal resolution, a minimal resolution of k[O,, ,,] must have length
less than or equal to (e — 71)(f — 1) + (r1 — r2)(r1 — 2 + €)/2. However, by standard methods
of algebraic geometry, a minimal resolution cannot be shorter than codim Om,rz and hence it must
have this length. This proves that O,, ,, is Cohen-Macaulay. ]

(e—=r)(f—r)+

Theorem 3.1 singles out the rather narrow case of orbits O,, ,, that satisfy F' orthogonal, f =
2r1 — 19 and ro # 0. Currently, in this article, we are not able to establish which of these orbits are
not Cohen-Macaulay. However, we cannot hope that all orbits are Cohen-Macaulay and that our
methods just aren’t subtle enough to prove them so because, as the following example shows that
some orbits in this narrow case are not Cohen-Macaulay.

Example 3.4. Let us consider F' orthogonal, dmF = 4, dimF = 5, r;y = 3 and ro = 1. The
codimension of the orbit closure if given by

(7’1 — 7'2)(7‘1 — 7o+ 1)
2

codim Oy, ., = (e —r1)(f —r1) + =5



RESOLUTIONS OF ORTHOGONAL AND SYMPLECTIC ANALOGUES OF DETERMINANTAL IDEALS 11

On the other hand, the iterated mapping cone construction leads to the following resolution of the

coordinate ring k[O,, r,] as an A-modules, where A = k[Hom(E, F)).
0
!

4
KanyE® \F® A(-12)
!

2 5
K E® \F®A(-10) @ KgoE® [\ F o A(-11)
!

3
KapnE@F®A(-9) © KgpE® \ FoA-9)

!

3
K32 E® A(-8) ® K321 E@ F®A(-T) © K E® \F® A7)

!

5
KizpnE®A(—6) & K2 12)E@ F® A(=6) & Kp15)E® \ F® A(-5)

!

4 4
KonE® A(-4) © NE® \F @ A(-4)
1
A
!
0

It is clear that no terms in this resolution can cancel, even when we decompose A" F to indecom-
posable orthogonal representations, and hence this resolution is already minimal. However, since it
has length 6 and in particular is strictly greater than codim O,, ., the orbit closure is not Cohen-
Macaulay.

4. CALCULATIONS OF TYPE

As an application of the techniques presented in the above subsection, we propose to calculate the
type of the orbit closure O, ,, which is an important algebraic invariant. We state the definition
given in [1].

Definition 4.1. Let (R, m, k) be a local Noetherian ring and M a finite R-module of depth ¢. The
number (M) = dimy, Exth(k, M) is called the type of M.

We work in the ring A = k[Hom(E, F')] and study the module M = k[O,, ,,]. For every maximal
ideal m € Supp M, Ay, /my, = k and depth My, is unchanged as is dimg Extfqm (k, My). We also call

this common number the type of M = k[O,, ,,] and write it 7(Oy, r,). We can easily show that

7(Oy, r,) is the dimension of the top free module in a minimal resolution of k[O,, ,,] as an A module.

In the previous subsection where we constructed the free resolution L, of k[O;, r,] as an A-module,
we did not obtain a minimal resolution. However, in every case except when F' is orthogonal with
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f = 2r; — ro, we obtained a resolution of depth equal to codim Oﬁm with a single term of the

form K\E ® K,,F @ A(—|)|) in the top term. Consequently, in a minimal resolution of k[O,, ,,],
the term of maximal degree is equal to the term of maximal degree we obtained by our iterated

mapping cone construction. Let us prosaically call this term Top(Or, r, ). Therefore we can calculate

7(Opy r,) = dim Top(Oy, ,) fairly easily.

Proposition 4.2. Let E we a vector space of dimension e and F' be a symplectic space of dimension
f. Consider the orbit closure O,, r,. One of the three following cases occurs:

a) If f—e—r1+ro+1<0 then

_ . €—T2+j—i—1
T(Orl,r2)_ H f—T1+]—Z .

1<i<f—r
1<j<r

b) If f—e—ri+r2+1=0 then B

T(Opy ) =1.
c) Iff—e—r1+12+1>0 then

5 f=2r+ro+j—i+1
r(O = .
O = ]I pE———
1<i<e—11
1<5<r
Proof. Note that since F' is symplectic, we have ¢ = —1.

We determine Top(Oy, r,) a8 Fraz (K, ., Q) in the same way we determined projective dimension
of Fo(Ka,,,,Q) in Proposition 3.3. We know that when F is symplectic Ao = ((r1 — 72 — 1)7).
We now need to calculate the partition p such that

Frnax(Kn,,,. Q) = H'(Ge_y, (E), V) @ Ky F
In order to do so, we must consider three separate cases.
Case 1: f—e—r1+ro+1<0.

Following the calculations in Proposition 3.3, we obtain
w= (f(f*2r1+7"2+1)7 (f — Tl)(eff+r17r271)) )
Furthermore, a simple check yields o®((\, 1)) = ((f — r1)¢) which leads to
7(Opyry) =dim Ky E @ K,y F = dim K, F

where p/ = ((e — 1)~ (f — 2ry + 72 + 1)™). Recall the well-known formula (see Theorem 6.3
in [3]) for the dimension of a Weyl module of a vector space E:
Ni—Aj+j—i

(15) dmK\E=  [] -

1<i<j<dim E

Applying this to K, F' and ignoring all multiplands that are equal to 1 we obtain preciely the formula
in part a).
Case 2: f—e—r1+ro+1=0.

We note in this case that the method in part a) works equally well but that ' = ((e —r1)/) so
dim K,/ F = 1.
Case 3: f—e—r1+72+1 > 0. Following the calculations in Proposition 3.3, we obtain p = (f(e_”))
and o* (A, 1)) = ((f—r1)¢™™), (e—r1 —1)™). Again after some rearranging and cancellation, using
formula (15) we deduce the expression in the statement of the proposition. O
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As often seems the case, calculations for when F' is orthogonal pose a few more difficulties than
for when F' is symplectic. First of all, the iterated mapping cone construction does not gives us a free
resolution of the proper depth if f = 2r; — ry and hence we cannot thereby determine Top(Oy, ).

Secondly, all the partitions A appearing in the resolution (6) have even rank. Thus A\pa. =

((ry —r2+1)™) only when min(ry,r; — ro + 1) is even. If min(rq,7; — r2 + 1) is odd, then

)\mam = ((Tl — T2 + 1)(”77‘2)7 (7"1 - ,},,2)7‘2) .

The method to calculate p in Proposition 3.3 still applies, but because \,,q, is not a rectangle,
one is led to consider more options than in Proposition 4.2. The calculations are not particularly
enlightening so we do not carry them out. Nonetheless, we can conclude with a simple proposition

that states which coordinate rings k[Oy, ,,] are Gorenstein.

Proposition 4.3. Let E be a vector space of dimension e and F' either a symplectic or orthogonal
space of dimension f.

a) If F is symplectic, then k[O,, ] is Gorenstein if and only if f —e —r1 + 12 = —1.

b) If F is orthogonal with f > 2r1—ra, then k[O,, ,] is Gorenstein if and only if f—e—r1+r2 =1
and min(ry,r —ra + 1) is even.

Proof. We recall that a Noetherian ring is Gorenstein if it is Cohen-Macaulay and of type 1. (See
Theorem 3.2.10 in [1].)

Part a) follows almost immediately from Proposition 4.2. Part b) of Proposition 4.2 establishes
the direction (<=). Furthermore, we can easily rewrite the products in parts a) and c) so that all
the terms in the product are greater than 1 and hence produce a type that is greater than 1. This
proves the (<) direction.

For part b), let us first assume that f > 2r; — ro and hence that the iterated mapping cone
construction provides a resolution of k[O,, ,,] of length equal to the codimension of O, ,,. If
min(ry, 71 — ro + €) is even then Apqr = (11 — r2 + 1)™ and we can apply identical methods as
Proposition 4.2 with the only change that e = 1. On the other hand, if min(ry, 7 — 73 + ) is odd,
then since A\,q. 18 not a rectangle, a quick check of all possibilites shows that p and o®((Amaz, 1))

cannot both be rectangles and hence r(O,, ,,) > 1. O

We conclude with an example that illustrates Proposition 4.3.

Example 4.4. Let FE be a vector space with dim £ = 5 and F' an orthogonal vector space with
dim F' = 7. Let us choose rank conditions r; = 4 and r» = 3. Since F is orthogonal, ¢ = 1 and thus
f—e—r1+ry—e=0. Furthermore, min(ry,71 — ro + 1) = 2 is even and f > 2r; — ry and hence
k[Oy, r,] is Gorenstein.
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Using Theorem 2.2, then decomposing Schur functors of F' into irreducible O(F')-modules (see

[6]), we can find the minimal resolution of k[O,, ,,]. It is as follows:

0
1
K E® A(—15)

1

KosyE@ Vol e A(—10) & KzinE® A(=T7)
|

Kot nE®@ F® A(-9) © Koi9E®F ® A(—6)
l

KonyE® A(-8) & Kus)E® Va @ A(-5)

1

A
!
0

where V{; 1)F is irreducible representation of so(F") of highest weight (1,1). (We used results in [6]
to pass between Schur functors of F' and irreducible represetations of so(F).)

As the subject of a future article, the author plans to study where these examples of Gorenstein

orbit closures of codimension 4 fit into the classifications done by Kustin and Miller in [7].
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